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DEF IN I T IO N  O F  T HE  REAL  
PRO J EC T IVE  PL ANE

The real projective plane is a topological space that has many 

applications. The most common representation of the real projective 

plane is the collection of lines that pass through the origin in ℝ3. This 

means that each line that passes through the origin and all the points 

that lie on that line are now considered as one “point.” The unit sphere 

(S2) can be used as a restriction to formulate an example of the real 

projective plane. Notice that if we group up a point on the unit sphere 

with its antipodal point, we can create a line that passes through the 

origin of the unit sphere. Thus, we can now define the real projective 

plane as the Quotient Space:

𝑆2/~ (𝑥~𝑦 𝑖𝑓𝑓 𝑥 =  𝜆𝑦, 𝜆 ≠ 0)
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T HE  F UNDAM E N T A L  PO L YG O N O F  
T HE  REAL  PRO J EC T IVE  SPAC E
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The Δ-Complex of the Real Projective Space can be seen 

below. The derivation of this polygon is born from the 

representation of the Mobius Strip. If we use the single-

edge polygon representation of the mobius strip and 

“glue” the opposite open edges together, we obtain the 

real projective plane. Note that the polygon contains 

two vertices and two edges. 



C O M PUT ING  T HE  BE T T I  VAL UES  
O F  T HE  REAL  PRO J EC T IVE  
PL ANE  ( IN  ℤ 2 )
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In order to compute the Betti numbers for the Real Projective 

Space, It is important to triangulate the polygon. This lets us use 

simplicial complexes to make the derivation easier. Note that 

since our Betti numbers will change depending on the field used, 

ℤ2 will be used since the TDA Package in R uses ℤ2 to form the 

Persistent Homology and Persistent Barcode. It is easy to 

triangulate the polygon representation by adding a diagonal edge 

to the polygon.
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BET T I  NUM BERS

R
E

A
L

 
P

R
O

J
E

C
T

I
V

E
 

P
L

A
N

E

6

A
p

r
i

l
 

1
8

,
 

2
0

2
3



A PARAM ET R I Z AT I O N O F  RP 2  EM BEDDED IN  R 4

Def in e

𝒇 : 𝑺 𝟐 → ℝ 𝟒 , 𝐱 , 𝐲 , 𝐳 → ( 𝒙 𝒚 , 𝒙 𝒛, 𝒚 𝟐 − 𝒛 𝟐 , 𝟐 𝒚 𝒛)

Not ice  th at  th i s  f u n ct ion  i s  s p e c i f i ca l ly  c raf te d  to  re s u l t  in :

𝒇 𝒙, 𝒚 , 𝒛 = 𝒇 𝒙 ′ , 𝒚 ′ , 𝒛 ′  𝒊 𝒇  𝒂𝒏 𝒅  𝒐𝒏𝒍𝒚  𝒊𝒇 𝒙 ′ , 𝒚 ′ , 𝒛 ′ =  ± ( 𝒙 , 𝒚 , 𝒛 )

Th is  i s  a  re q u i re me nt  for  th e  re a l  p ro je ct ive  p lan e .  Th e n ,  th e  comp os i t ion

𝒇 𝑺 𝟐

i s  an  e mb e d d e d  of  RP 2  in  R 4.  I t  i s  u s ef u l  to  u s e  th i s  comp os i t ion  to  an a lyze  th e  

p e rs i ste nt  b arcod e  of  th e  re a l  p ro je ct ive  p lan e  u s in g  th e  TDA p ackage s  n e ste d  

wi th in  R  S tu d io .
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THANK YOU!

Anthony Arnold
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